We elucidate the deep connection between the PXP model, which is a standard model of quantum many-body scars, and the AKLT Hamiltonian. Using the framework of embedded Hamiltonians, we establish the connection between the PXP Hamiltonian and the AKLT Hamiltonian, which clarifies the reason why the PXP Hamiltonian has nonthermal energy eigenstates similar to the AKLT state. Through this analysis, we find that the presence of such nonthermal energy eigenstates reflects the symmetry in the AKLT Hamiltonian.
AKLT model
We first briefly review the AKLT model [26] . Let |1 , |0 , |−1 be the three eigenstates of the spin operator S z with eigenvalues 1, 0, −1, respectively. The AKLT Hamiltonian is essentially equivalent to the sum of the projection operator P S=2 acting on the two neighboring sites:
where the projection operator P S=2 projects onto the subspace spanned by the following five states:
This subspace is also characterized by the total spin S = 2.
The AKLT state is also described by the following matrix-product state (MPS) representation:
The AKLT state satisfies P S=2 i,i+1 |AKLT = 0 (8) for any i, and hence is a ground state of H AKLT . It has been established that the AKLT state is the unique gapped ground state of the AKLT Hamiltonian.
Embedded Hamiltonian
We here briefly review the method of embedded Hamiltonians [8] . Let T be a subspace of states which we want to embed as energy eigenstates. We introduce a set of local projection operators {P i }, where P i acts on sites near the site i and satisfies P i |ψ = 0 (9) for any state |ψ ∈ T . We construct an embedded Hamiltonian as
where h i is an arbitrary local Hamiltonian acting on sites near the site i, and H is a Hamiltonian satisfying H |ψ ∈ T if |ψ ∈ T . Then the Hamiltonian H has a set of energy eigenstates which is a basis of the subspace T . In particular, if T consists of a single state |Ψ , this state |Ψ is an energy eigenstate at finite temperature. We emphasize that h i is arbitrary, and thus the constructed Hamiltonian is in general highly complicated and non-integrable.
In spite of the simplicity of construction, the physical implication from such Hamiltonians is not negligible. This method reveals the existence of infinitely many non-integrable Hamiltonians with nonthermal energy eigenstate at finite temperature (i.e., violation of the ETH). Moreover, using this method we design non-integrable and chaotic Hamiltonians which have arbitrary desired states as their energy eigenstates.
Quantum many-body scars and PXP model
The quantum many-body scar was first found in the experiment of Rydberg atoms, where we can observe non-thermalizing oscillation [15] . The dynamics of this system is well described by an S = 1/2 chain, the so-called PXP model [16] :
where P := |↓ ↓| is the projection operator and X := |↑ ↓| + |↓ ↑| is the Pauli matrix. The system size L is supposed to be an even number. To avoid confusion with the symbols in the AKLT model, we denote the ground state and the excited state of a single Rydberg atom by |↓ and |↑ , not by conventional symbols |0 and |1 . We employ the periodic boundary condition for convenience.
Owing to the projection operators, two neighboring up states |↑↑ never flip. Since we are not interested in this frozen blocks, we restrict the state space into its subspace free from two neighboring up states. In the remainder of this paper, our analysis is performed in this subspace.
Following the Lin-Motrunich paper [25] , we use the block representation of states: We regard two neighboring odd and even sites as a single block site. Three possible states of a block site |↓↓ , |↑↓ , and |↓↑ are denoted by |O , |L , |R , respectively. Eq.(10) in the Lin-Motrunich paper [25] shows that the PXP Hamiltonian is also expressed as
where b ∈ {1, 2, . . . , L/2} is the label of a block which consists of odd and even sites with 2b − 1 and 2b. In addition, they show that |Φ 1 (given in (4) and (12) in Ref. [25] ), whose (unnormalized) MPS representation is
is an energy eigenstate of H P XP with zero energy. This clearly shows the violation of the ETH in the PXP model. (We, however, note that the possibility that the PXP Hamiltonian is integrable is not excluded. A technique invented recently [28] may help to exclude this unwanted possibility.) Here we can see the strong similarity to the AKLT state. In fact, Lin and Motrunich have pointed out that the AKLT state |AKLT and the state |Φ 1 are identical by adopting the correspondence O ↔ 0, L ↔ −1, and R ↔ 1 on the odd site and O ↔ 0, L ↔ 1, and R ↔ −1 on the even site. In other words, the energy eigenstate |Φ 1 and the AKLT state are equivalent under a proper gauge transformation. We call the gauges corresponding these two states as PXP gauge and AKLT gauge, respectively.
However, at the level of Hamiltonians, the connection between the AKLT Hamiltonian and the PXP Hamiltonian has still been unclear. In the remainder of this paper, we address this problem.
5 Analysis of PXP model
Rewriting PXP Hamiltonian
Based on this MPS representation, we introduce a projection operator P P XP , which is equivalent to the P S=2 under the gauge transformation. This projection operator projects onto the subspace spanned by
Due to the correspondence between the AKLT state and |Φ 1 , we find
for any b. We rewrite the Hamiltonian H P XP as [25] H
where we have
In other words, two Hamiltonians h 1 b.b+1 and h 2 b,b+1 keep the subspace of the Hilbert space associated with P P XP b,b+1 = 1 and that with P P XP b,b+1 = 0 invariant, and thus we can treat the action of these Hamiltonians in each subspace separately. The commutation relations (23) and (24) can be confirmed directly as
5.2 Proving h 2 b,b+1 |Φ 1 = 0
It is easy to see that h 2 only permutes some states in the subspace with P P XP b,b+1 = 1 and satisfies h 2 |η = 0 for any |η in the subspace with P P XP b,b+1 = 0. With recalling the relation P P XP b,b+1 |Φ 1 = 0 for any b, we conclude that h 2 b,b+1 |Φ 1 = 0 (33) for any b.
Proving
We now consider how h 1 acts on |Φ 1 . To say a result,
is satisfied. We note that an individual h 1 does not have this property (i.e., h 1 b,b+1 |Φ 1 = 0). We first introduce the rotated basis states of a single site:
Using these states, the basis of the subspace associated with 1 − P P XP is expressed as
and the MPS representation of |Φ 1 is written as
In this subspace, h 1 acts as
Since |· · · O − · · · and |· · · − O · · · (and |· · · O + · · · and |· · · + O · · · ) have the same coefficients in |Φ 1 owing to the above MPS representation, as far as |Φ 1 we can regard h 1 as a flip operator of |+ and |O next to |− . We now show that all the coefficients of b h 1 b,b+1 |Φ 1 with computational basis states are zero. In these basis states, we decompose spins into the islands of − states and those of non-− states (i.e., + and O states). We fix a computational basis state, and focus on a −-island and two neighboring + or O states, |· · · X − − · · · − Y · · · , where X, Y take + or O, and spins between X and Y are − states. We consider the situation that h 1 acts on a state and the resulting state turns into |· · · X − − · · · − Y · · · . LetX andȲ be the opposite of X and Y in terms of {+, O}. As far as considering the region near this − island, there are two possible states before operating b h 1 b,b+1 , that is, |· · ·X − − · · · − Y · · · and |· · · X − − · · · −Ȳ · · · . The coefficient of the state |· · · X − − · · · − Y · · · after operating h 1 s is equal to the sum of coefficients of |· · ·X − − · · · − Y · · · and |· · · X − − · · · −Ȳ · · · in |Φ 1 . With noting that A − is the identity operator, and A + and A O satisfy
we find that the coefficients of |· · ·X − − · · · − Y · · · and |· · · X − − · · · −Ȳ · · · take the same absolute value with opposite signs. This fact holds for any − islands and any computational basis states, which directly implies that all the coefficients of computational basis states in b h 1 b,b+1 |Φ 1 are canceled. This is the desired result (34).
Representation as embedded Hamiltonian
In summary, the PXP Hamiltonian can be interpreted as an embedded Hamiltonian:
where
and
The condition that H keeps |Φ 1 is demonstrated in Sec. 5.3. It is worth comparing this Hamiltonian to the corresponding AKLT Hamiltonian in the PXP gauge:
By construction of the embedded Hamiltonian, both H P XP and H AKLT has the same eigenstate |Φ 1 with zero energy, and in the PXP Hamiltonian this eigenstate |Φ 1 is a nonthermal energy eigenstate, or a scarred state. This structure reveals the following important fact: By replacing H b to another arbitrary Hamiltoniañ H b and multiplying an arbitrary coefficient k to H in the PXP Hamiltonian, the obtained Hamiltoniañ
still has the eigenstate |Φ 1 as a non-thermal energy eigenstate. Using this method, we can construct infinitely many scarred Hamiltonians.
Symmetry in the AKLT model
We have shown that |Φ 1 is a zero energy eigenstate of the PXP Hamiltonian by demonstrating h 2 b,b+1 |Φ 1 = 0 and b h 1 b,b+1 |Φ 1 = 0. The former relation directly follows from the fact that h 2 b,b+1 is expressed in the form of P P XP b,b+1 hP P XP b,b+1 , while the latter relation is not obvious in the present form. To clarify why the latter relations holds, we go back to the original AKLT model. We shall write down the operator b h 1 b,b+1 in the AKLT gauge. By defining
in the AKLT gauge is given by
where S x i is the spin x operator in the spin-1 system. Due to this fact, in contrast to the case of h 1 (in the PXP gauge), it is easy to confirm the relation
which is a direct consequence of the symmetry of the AKLT state [29] . In other words, the scars in the PXP Hamiltonian reflect the structure of the AKLT Hamiltonian and the x symmetry of the AKLT state. In the AKLT gauge, the AKLT Hamiltonian is expressed as
and the PXP Hamiltonian is expressed as
where H i is a proper local Hamiltonian. Since the symmetry in the AKLT state is not restricted to the x direction, we can construct other families of scarred Hamiltonians by employing other symmetries.
Conclusion
We have drawn the full picture of the connection between the PXP model and the AKLT model. The AKLT Hamiltonian is a sum of projection operators i P S=2 i,i+1 , while the PXP Hamiltonian (in the AKLT gauge) is a sum of arbitrary local Hamiltonians sandwiched by the same projection operators i P S=2 i,i+1 H i P S=2 i,i+1 with adding an x magnetic field i S x i . By construction, the first sum of the PXP Hamiltonian still has the AKLT state as its energy eigenstate with zero energy, and owing to the symmetry of the AKLT state the x magnetic field does not disturb the AKLT state. Our result confirms that the previously pointed connection between the scarred eigenstate |Φ 1 in the PXP model and the AKLT state is not a coincidence but reflects the frustration-free structure of the AKLT Hamiltonian and the x symmetry of the AKLT state.
Various known properties of the AKLT model has already been established. Applying them to the PXP model will lead to our deeper understanding of the PXP model and quantum many-body scars, which merits further investigation.
